Abstract. A method to calculate numerically the multiplicity of a solution to a system of algebraic equations is presented. The method is an application of Zeuthen's rule which gives the multiplicity of a solution as the multiplicity of a united point of an algebraic correspondence defined naturally by the system. The numerical calculation is applicable to a large scale system of algebraic equations which may have a solution that we cannot calculate the multiplicity by a symbolic computation.
Introduction
In this paper, we assume a polynomial has coefficients in the field C of complex numbers. We suppose that a system f 1 (x 1 , · · · , x n ) = 0, · · · , f n (x 1 , · · · , x n ) = 0 (1) of algebraic equations have a finite number of solutions. There are some methods to obtain the multiplicity of a solution by using symbolic calculations, but a symbolic computation is not executable for a large scale system. Our aim is to present a numerical method to calculate the multiplicity of a solution to a large system of algebraic equations.
Our algorithm is an application of Zeuthen's rule in algebraic geometry (see [1] , [2] ). Since we need some notations related to an algebraic correspondence, we introduce them briefly.
We denote by C the curve defined by a two variable polynomial σ (u, v) in the affine plane C 2 : C = {(a, b) ∈ C 2 |σ(a, b) = 0}.
If a point (a, b) is on the curve C, we say the number a corresponds to the number b. Thus the curve C gives an algebraic correspondence between complex numbers which we denote by T C . The adjective "algebraic" is used to imply the correspondence is defined by a polynomial. Let the polynomial σ(u, v) be of degree α in u and β in v. For almost any number a, the one variable equation σ(a, v) = 0 with respect to v has β roots. Similarly σ(u, b) = 0 has α roots for almost any number b. Hence we call the correspondence T C an (α, β)-correspondence. If a number a corresponds to itself under the correspondence T C , we call a a united point of T C . The united points are determined by the one variable equation σ(u, u) = 0. Counting the number of roots of the equation σ(u, u) = 0 with multiplicity, we see that the correspondence T C has α + β united points 1 . In the next section, we make from the system (1) an algebraic correspondence between numbers, and define the multiplicity of a solution to the system (1) as the multiplicity of a united point of the correspondence. And then we introduce the theorem "Zeuthen's rule" from which we derive a method to calculate numerically the multiplicity of a united point. In Section 3, we present a method to calculate the multiplicity using Zeuthen's rule. We show a simple application of Zeuthen's rule gives only an approximate value of the multiplicity. In Section 4, we show a procedure which gives in almost any case an interval containing the multiplicity value. Since the multiplicity value is an integer, if the interval is small enough and contains only one integer, then we can obtain the exact value of the multiplicity. Moreover, we discuss an exceptional case where the interval obtained by the procedure fails to contain the multiplicity.
Section 5 is devoted to a discussion on execution time. The preliminary part of our method is executed by a symbolic computation to avoid making unnecessary numerical errors. The machine we used has a CPU with a vector processor but whose MIPS value is not high. So, symbolic computation took relatively longer execution time compared to that on commonly used work stations. In the last section, we present several examples. They show that the intervals are small enough to determine the exact value of the multiplicity. An example in Section 4 shows even if we encounter the rare case that we have good approximations of the multiplicity (but from one side).
Algebraic correspondence defined by the system
We consider the system (1) in n-dimensional projective space P n C with the homogeneous coordinate system (X 0 , X 1 , · · · , X n ), where x i = X i /X 0 . Then we have a system
of homogeneous polynomials. Here d i is the degree of the polynomial f i in the system (1). The system (2) has d 1 · · · d n solutions in P n C by Bézout's theorem. If a point (a 1 , · · · , a n ) ∈ C n is a solution to the system (1), then a point (1, a 1 , · · · , a n ) ∈ P n C is a solution to the homogeneous system (2) , and the multiplicity of these two solutions have the same value.
A set
of zero points of the first equation of the system (2) is a hypersurface. Similarly, a set
of common zeros of polynomials from the system (2) is a space curve. We take a point O remote from C and F . Let P be a point on the curve C, and let l be a line joining P and O. Then we have intersection points of l and the hypersurface F . We 1 Precisely, we have to consider a curve τ (u 0 , u 1 ;
denote by Q one of the intersection points. We call a pair (P, Q; l) a fundamental form, and we denote by Σ 1 the set of all fundamental forms.
In the next subsection, we define an algebraic correspondence between projective lines determined by the system (2).
2.1. Construction of the correspondence. We take an (n − 2)-dimensional linear subspace S in the projective space P n C such that • not including the point O,
• not meeting the curve C, • not included in the hypersurface F .
Let P be a point in the projective space. We denote a hyperplane spanned by S and P as S ∨ P . Then it is easy to see that the set of hyperplanes (called a pencil of hyperplanes) H = {S ∨ P ; P ∈ P n C } is parametrized by the point of the projective line P 1 C ; or, by the projective duality, we can identify a hyperplane in H with a point in P 1 C . Let Σ 1 be the set of fundamental forms defined by the system (2) as above.
Proof. Let H be a hyperplane of the pencil H. Then H meets the curve C at d 2 · · · d n points P j . A line l j joining P j and O meets the hypersurface F at d 1 points Q j,k . We have (P j , Q j,k , l j ) ∈ Σ 1 , and the hyperplanes S ∨ P j ∈ H all coincide. Hence to one hyperplane in H, we have
Conversely, let H be a hyperplane of the pencil. Then H ∩ F is an (n − 2)-dimensional algebraic variety of order d 1 . A cone V based on H ∩ F with a vertex O meets the curve C in d 1 · · · d n points P j . Then a line l j joining P j and O meets H ∩F at points Q j . Hence (P j , Q j ; l j ) ∈ Σ 1 and we see that to a hyperplane H there are d 1 d 2 · · · d n hyperplanes of the form S ∨ P j . This shows that the correspondence is of type (
We show how we parametrize the hyperplanes of the pencil of hyperplanes H. Let H 0 (X 0 , · · · , X n ) = 0 and H 1 (X 0 , · · · , X n ) = 0 be two distinct hyperplanes containing the linear space S. We parametrize H as c 0 H 0 + c 1 H 1 = 0, where c 0 , c 1 are complex numbers not both zero. Then we have a bijective map from the set of pairs (c 0 , c 1 ) of the numbers to a point in the projective line P 1 C . Thus we can identify H and P 1 C (this identification is called projective duality). Thus we obtained
Finally, we prove that the correspondence is algebraic. We parametrize original
and destination H as
respectively. We have n equations
with the coordinates P = (p 0 , . . . , p n ) of the fundamental form (P, Q; l) ∈ Σ 1 , and two equations
with the coordinates Q = (q 0 , . . . , q n ). Since three points P, Q, and O = (o 0 , . . . , o n ) are colinear, we have n − 1 equations
Using the general elimination method or Gröbner basis method, we can eliminate q 1 , · · · , q n from a system of n + 1 equations (6) and (7). Then we have an equation
respectively. If we choose a homogeneous coordinate properly, we have only to consider points (p 0 , . . . , p n ) and (q 0 , . . . , q n ) such that p 0 = 0 and q 0 = 0. So (8) is equivalent to
Similarly, we can eliminate p 1 , . . . , p n from a system of n + 1 equations (5) and (9), and have an equation
is a polynomial with variables (u 0 , u 1 ) and (v 0 , v 1 ). Therefore we get a defining polynomial equation
of the correspondence. This shows that the correspondence is algebraic.
Hereafter, we denote by T , the correspondence of the projective line to itself derived as above.
United points of the correspondence
united points which come from the hyperplanes such that S ∨ P = S ∨ Q with (P, Q; l) ∈ Σ 1 . Coincidences of the hyperplanes arise from the two cases:
(1) coincidence of the points P and Q. This means P is a solution to the system of algebraic equations; (2) the line P Q meets the (n − 2)-linear space S. From the theory of algebraic correspondence, we see that the number of united points arising from the case (1) 
This fact is taken to be a proof of Bézout's theorem. Hence, we see the multiplicity of united points coincide with the multiplicity of a solution under additional conditions to the point O and the (n − 2)-dimensional subspace S:
(1) For each solution A of the system (2), the hyperplane S ∨ A does not contain the other solution of (2). (2) A hyperplane S ∨ O does not include any solution A to the system.
Zeuthen's rule.
Since the multiplicity of a united point (U 0 , U 1 ) ∈ P 1 C of the correspondence T is a local property, we have only to consider a united point within an affine plane C 2 including a pair (U, U ) instead of P
Zeuthen's rule giving an algorithm to calculate the multiplicity (see [1] ) is stated as: 
with constant c k , the multiplicity of U is
By virtue of this theorem, we can calculate the multiplicity by a numerical calculation. We have to use a symbolic calculation to obtain the defining polynomial σ(u, v) = 0 of the correspondence by repeated elimination procedures or the Gröbner basis method. For a large system of algebraic equations, the elimination procedure requires a lot of memory and it happens that we cannot execute the symbolic computation.
To make it a convenient form to employ a numerical calculation, we express Theorem 1 in terms of the fundamental forms. Theorem 2. Let C be the curve (4), and let F be the hypersurface (3). Let S be an (n − 2)-dimensional subspace satisfying condition 1. Let A be a solution to the system (2) . By a projective transformation, we transform S in the hyperplane at infinity and A still in the finite area. Let H 0 be a hyperplane S ∨ A, and let H h be a hyperplane shifting H 0 to its normal direction by a small number h. Among the intersection points of H h and the curve C, we suppose that P 1 , . . . , P r tend to A according as h tends to zero. Similarly among intersection points of the hypersurface F and the line l j joining P j and O, we suppose that Q j,1 , . . . , Q j,s tend to A according as P j tends to A.
We measure the order of the infinitesimal of P j Q jk by h as
where P j Q j,k is the Euclidean distance of S ∨P j and S ∨Q j,k and c j,k are constants; then the multiplicity of A is equal to Here we check that this theorem is equivalent to Theorem 1. We represent the hyperplanes S ∨ A, S ∨ P j and S ∨ Q j,k by ratio of parameters a, p j , and q j,k respectively (see the next section). Since S ∨ P j = H h , we have p j = a + h. Then σ(a+h, q j,k ) = 0 by definition of T C , and by the hypothesis q j,k tend to a according as h tends to zero. Hence Theorem 2 is the same as Theorem 1.
By Theorem 2 we can calculate directly the multiplicity of a solution to the system of algebraic equations. We will show in Section 4 that for almost any choice of S, repeating this procedure four times with different h's, we can obtain an interval containing the multiplicity value.
Calculation of the multiplicity
Changing the coordinate system if necessary, we may assume the (n−2)-dimensional subspace S is given as the intersection of two hyperplanes X 0 = 0 and X 1 = 0. Then we can parametrize H as u 0 X 0 + u 1 X 1 = 0. Any hyperplane in H different from the hyperplane X 0 = 0 at infinity is parametrized by numbers x 1 = X 1 /X 0 = −u 0 /u 1 . Therefore, hyperplanes S ∨ A, S ∨ P j and S ∨ Q j,k in Theorem 2 are parametrized by the x 1 -coordinate of points A, P j and Q j,k respectively.
We have some remarks on numerical calculation. (1) j,k e j,k becomes a good approximation if the original h is sufficiently near to zero. To eliminate constants c j,k in the equation (11), we take two numbers very close to zero h ν (ν = 1, 2), and calculate the ratio:
where A = (a 1 , . . . , a n ) be a coordinate representation. 
Here c is a positive number determined experimentally. These boundaries are given by the exponent of Puiseux expansions of C around A. Now we present our method to calculate the multiplicity step by step.
[Calculation of the multiplicity]
(1) Calculate a root A to the system (1) using a numerical method (e.g. Newton's method or the homotopy method). [3] ).
An interval containing the multiplicity value
We can obtain an approximate value of the multiplicity in the above way. In this section, we show we can determine the exact value of the multiplicity for almost any choice of O and S.
We denote by m the multiplicity of a solution A. We take two small values h 1 and h 2 such that h 1 > h 2 > 0, and denote by m + the approximate multiplicity value obtained from h 1 and h 2 . Similarly we denote by m − the approximate value from −h 1 , −h 2 .
We assume that S is represented as the intersection of the hyperplane X 0 = 0 and the hyperplane X 1 = 0; and we remember that we are taking the hyperplane X 0 = 0 as the hyperplane at infinity.
Proposition 2. If we take a point O such that the line joining two points P j and O does not meet a hypersurface F at infinity, we have almost always
Proof. For simplicity, we assume that the parametric value of the united S ∨ A is zero. Then for each S ∨ P j (ν) the parametric value is h ν and the defining equation σ(u, v) = 0 of the correspondence T satisfies σ(0, 0) = 0.
We represent σ(u, v) as a polynomial in a variable v,
By the hypothesis that the line joining two points P i and O does not meet F at infinity, we see that τ 0 (0) = 0. Therefore we can set
where ρ 1 (u), . . . , ρ d (u) are formal power series in a variable u. Now we suppose that a polynomial σ 0 (0, v) in a variable v is factorized as
By Hensel's Lemma (see [2] ), σ 0 (u, v) is factorized as
where σ 1 (u, v) and σ 2 (u, v) are polynomials in v having formal power series in u as coefficients, and σ 1 (u, v) converges for u sufficiently close to zero. When σ 0 (0, v) = 0 does not have roots different from zero, we set merely
are also roots to σ 1 (h ν , v) = 0. Since the equation (13) is represented as
k − h 2 using a logarithm function with the base |h 1 /h 2 |, we have
Now, we represent σ 1 (u, u) as a formal power series
in a variable u. Since h ν are sufficiently small, we have
after ignoring the terms in h ν of order higher than m + 2. Namely,
Therefore, we have only to show that
Let us set h = h 1 , h 2 = dh (0 < d < 1) and c 1 = α + βi. Multiplying 1 + dαh − dβhi to both numerator and denominator and ignoring the terms of order O(h 2 ) or higher, we have
We have three cases α > 0, α < 0 and α = 0. If α > 0, since 0 < 2dαh
and since h is a very small positive number, we have m Example. We show an example of one sided approximations:
We calculate the multiplicity of (0, 0) choosing the point O as (o 1 , 0) with a variable coordinate o 1 .
Multiplicity with o
From this table we see that the multiplicity is 1, and this is apparently the correct value. To show the reason why this one sided approximation occurs, we calculate the homogeneous polynomial defining the image curve of the correspondence:
. From this polynomial, by setting u = u 1 , u 0 = 1, v = v 1 and v 0 = 1, we have the affine defining polynomial:
Calculating the Puiseux expansions of this curve at (0,0), we have two branches:
Putting v = u, we have 
The last expression shows that the approximation is only from one side and the former one shows that we cannot say whether we can obtain an interval or not.
Execution time
We discuss execution time required to calculate the multiplicity. If the scale of a system of algebraic equations is not so large, we can obtain all solutions with multiplicity by tracing the paths in the homotopy method. Since the homotopy method is well known, we take the execution time of the homotopy method as a standard, and we compare with the standard the execution time spent to calculate an interval containing the multiplicity value.
First we show the detail of our calculation of the homotopy method. We use both symbolic and numerical computation. Given a system of algebraic equations f 1 (x), . . . , f n (x) (resp. g 1 (x), . . . , g n (x)) we denote by F (x) (resp. G(x)) the vector (f 1 (x) , . . . , f n (x)) (resp. (g 1 (x) , . . . , g n (x))).
(1) output F (x) and G(x) to a file for later numerical computation-symbolic computation (2) make the homotopy H(x, t) = tF (x) + (1 − t)G(x) and output it to a filesymbolic computation (3) make a matrix DH = [dH/dx dH/dt] and output it to a file -symbolic computation (4) make a matrix DF = [dF/dx] and output it to a file -symbolic computation (5) tracing paths by the predictor-corrector method -numerical computation To execute the calculation of an interval, we proceed as follows:
(1) calculate the point A -numerical computation (2) select the point O -no computation (3) select the values h ν -no computation (4) calculate points P
and output its coefficients in a file -symbolic computation (b) determine α's and β's -numerical computation (c) solve an algebraic equation to obtain the points Q -numerical computation (6) calculate the exponents e j,k -numerical computation (7) calculate j,k e j,k -numerical computation (8) repeat 3. -7. for −h ν
In the following table, we compare the execution time for the homotopy method and for the calculation of an interval containing the multiplicity value. Size means the product of degrees of polynomials in the given system of algebraic equations. The computation was executed on an FUJITSU VPX-120 with 17 MIPS, scalar calculation 17 MFLOPS and vector calculation Max, 170 MFLOPS CPU.
In Table 1 , we see symbolic computation takes more than half of the total execution time in the calculation of an interval. But, if the system of algebraic equations is large, then tracing paths becomes heavy. And if we use a work station, we can expect that the symbolic calculations are executed in a shorter time (maybe less than 1/10 each). So we compare execution time of path tracing of the homotopy method and that of calculation of an interval. When we trace paths of the homotopy, we cannot predict after how many steps we reach the goal. So, we cannot give the complexity. However, we have a simple formula that gives approximately the ratio of execution time of homotopy and calculation of the interval as we show in the following.
When we solve the system (1) by the homotopy method, the number of paths are
where d i is the total degree of the polynomial f i in (1) . As the mean value of path tracing in n-variable homotopy, we write φ(n) . Then the total execution time will 
In the calculation of the interval, we eliminate x j from x 1 , x 2 , · · · , x n by substituting the number a j + h ν . We introduce the symbol d
If we choose an index j satisfying
then the number of paths to trace is minimal for the computation to obtain the interval containing the multiplicity value. In our program, we fix simply j = 1, r = 1, we eliminate x 1 and we treat a system of algebraic equations f 2 , . . . , f n as follows. We trace paths for the new system of algebraic equations f 2 , . . . , f n with x 1 eliminated. In this case the number of total paths is
n ; and since the number of variables is n − 1, the execution time of the homotopy method for this new system is
In the calculation of the interval, since we repeat the homotopy method with four constants ±h 1 , ±h 2 , the execution time of the calculation of the interval is 4 times the above value:
n . The ratio of calculation time is If we set φ(n) = n, then we have the formula r = 4(n − 1)
In the following table, we see that a ratio given by the formula (18) is a rough approximation to an experimental value. is 14 (see [4] ). Table 2 1, 1, 1, 1, 1) with the multiplicity sixteen. Using the homotopy To this numerical solution, Table 3 shows the bounds obtained by the calculation of the interval, where we take a point O as (−1.1, 1, 0, 0, 0). We see the multiplicity is sixteen. 1, 1, 1, 1, 1, 1, 1, 1, 1) . Using the homotopy method, we obtain the numerical solution To this numerical solution, we have Table 4 by the computation of an interval with O = (−1, 1, 1, 0 , . . . , 0). We have the multiplicity 638.
